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Abstract 
The divergence free finite element method (DFFEM) is a method to find an approximate solution of the Navier-Stokes 
equations ina divergence free space. That is, the continuity equation issatisfied apriori. DFFEM eliminates the pressure 
from the calculations and significantly reduces the dimension of the system to be solved at each time step. For a low order 
and nonconforming element, we construct a basis for the divergence free subspace such that basis functions have smallest 
nonzero support. 
Keywords: Divergence free basis; Null space 
1. Introduction 
In this paper, we study one aspect of the divergence free finite element method (DFFEM)  for the 
efficient numerical  solut ion of the incompressible Nav ier -Stokes  problem: 
COU 1 
Nu =-- COt R Au + (uV)u = - Vp +f(u) ,  u ~ f2, (1) 
V.u=O,  u~f2 ,  (2) 
u = Ub, U ~ COO, (3) 
where u = (ul ,  u2) is the velocity vector, p is the pressure and f (u )  is a source term. We assume that 
the domain  f2 is a bounded open simply connected set with a piecewise smooth boundary  COt2. The 
Reynolds number  is defined to be R-  uodp/#, where # is the fluid viscosity, p is the fluid 
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density, d is a characteristic length and u0 is a characteristic velocity. We assume that the velocity Ub 
has been specified on the boundary Or2. 
In the finite element analysis, two approaches are used to solve Eqs. (1)-(2). One is the standard 
finite element approach which treats the momentum and continuity equations equally and a large 
primitive system with both velocity and pressure variables is solved. Another, more efficient 
approach is the DFFEM approach. The DFFEM treats the continuity equation as a constraint, 
thus the velocity is approximated not from the standard finite element vector space but from 
a discrete divergence free finite element subspace. In this approach, the pressures are eliminated 
from the calculations and the dimension of the system to be solved at each time step is significantly 
reduced. However, the main obstacle to implementing the divergence free finite element method 
(DFFEM) is the construction of a basis for the appropriate discretely divergence free subspace. To 
finding the discrete divergence free basis is equivalent to finding the null basis for the associated 
discrete divergence operator (see [13, 19]). Many algorithms are developed to compute the sparse 
and banded null basis for a given matrix [1-4-1. Sparse and banded null basis means mall support 
basis functions for the divergence free subspace and a sparse and banded resulting system of the 
DFFEM. Turnback is one of the algorithms used to approximate a sparse and banded null basis 
1-14, 18] and it will be used later to construct the discrete divergence free basis for macro elements. 
Here, we obtain a discrete divergence free basis for a low-order nonconforming element of an 
arbitrary triangulation. 
The formulation of the two finite element approaches are given in Section 2. We show in 
Section 3 that a complete set of discrete divergence free basis functions can be chosen for a new 
lower order and nonconforming element. It is proved in Section 4 that this basis is optimal in the 
sense of minimal support of the basis functions. 
2. Two finite element approaches 
The finite element method applied to the incompressible Navier-Stokes equations as given in 
1-17] and [7] is as follows. Let S h and A h be finite-dimensional subspaces of H~(t2) and L2(f2)/~, 
respectively, 
S h = span { ~1, -.., ~L }, (4) 
A h = span{21, ..., 2N}. (5) 
Then the standard finite element formulation of (1)-(3) is: 
Approach 1. Find (u ,p )  ~ S h x A h such that 
(Nu ,  v) - (divv, p) = ( f  v) for all v ~ S h (6) 
and 
(div u, 2) = 0 for all 2 e A h 
where (p, q) = St~ Pq dr2. 
(7) 
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In order to eliminate the pressure from the computation and hence reduce the number of 
unknowns, we define the discrete divergence free subspace: 
O h = {U ~ Sh](divu, A) = 0, ~. 6 Ah}. (8) 
Under this definition, Approach 1 is equivalent to the following which has been studied in [8, 10, 12]. 
Approach 2. Find u e D h such that 
(Nu, v) = ( f  v) for all v e D h 
and then find p ~ A h such that 
(p, divv) = (Nu, v) - (f,v) for all v ~I  h 
where  I h is a subspace of S h and satisfies 
S h = D h ~ I h. 
(9) 
(10) 
The method described in Approach 2 is the diveroence free finite element method (DFFEM). 
Efficient use of this method epends on whether the divergence free subspace Dh can be derived at 
a reasonable cost. If L = dim(S h) and N = dim(An), then the system resulting from (6)-(7) of 
Approach 1 is of dimension L + N, while the system resulting from (9) of Approach 2 is of 
dimension L - N. For some finite elements, the discrete divergence free basis has been derived in 
[6, 9, 11, 16, 20, 21]. 
As 2 in (7) varies over a basis for A h, a system of N equations in L unknowns is generated. The 
coefficient matrix of this system is called the discrete divergence operator. Finding a basis of vector 
functions for D h is equivalent to finding a null basis for this N x L matrix. 
3. A divergence free basis for a low-order and nonconforming formulation 
A new element recently has been given [15] for solving the Navier-Stokes equations. This is 
a low-order and nonconforming element as it involves nonconforming linear and cubic bubble 
functions for the velocity space and nonconforming linear functions for the pressure space. The 
linear basis functions in S h and A h are associated with mid-edge nodes of the triangle lement. The 
cubic basis functions in velocity space S h for a triangle element e are defined as the product of 
515253, where 5 i, j = 1, 2, 3, are barycentric coordinates of e. This new low-order nonconforming 
element has several attractive options available for the solution of the associated linear system and 
it satisfies the inf-sup condition [15]. 
In this section we will obtain a basis for the space of D h associated with this element. For a given 
triangulation shown in Fig. 1, both components of velocity will be calculated at each interior 
mid-edge node and center of each triangle shown in Fig. l(a). Pressure will be calculated at each 
mid-edge nodes including boundary edges shown in Fig. l(b). 
For a typical triangle element, velocity will be calculated at nodes 1, 2, 3 and 4 in Fig. 2 and 
pressure will be calculated at nodes 1, 2 and 3. Let 51, 52 and 53 be barycentric oordinates 
corresponding to the three corner nodes j', j = 1, 2, 3. Three local scalar linear basis functions q~ 1, 
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nodes for velocity nodes for pressure 
(a) (b) 
Fig.  1. T r iangu la t ion .  
~ 1 3' 3 1 
2' 
Fig. 2. One  t r iang le  e lement .  
~2, (~3 corresponding to nodes 1, 2 and 3 and one bubble function associated with node 4 which is 
the centroid of the triangle are defined: 
(~1 = 0Cl "-}- 0~2 - -  0~3, 
~b 2 = t~ 2 --F o~ 3 - -  0~1, 
(11) 
(/)3 = 53  "3!- OCl - -  0C2, 
])4 = ~1~2~3 • 
Then the local vector basis for velocity space S h for this element is { 41,42 .... ,4s  }, where 
, . . . ,47= , 48= • 
1 4 
Assume that the discrete system of equation (1)-(3) has a unique solution, then based on 1-13, 
Theorem 4"1, we have 
dim(D h) = dim(S h) - dim(A h) + 1. (12) 
Since only the difference of the pressure is concerned, the pressure needs to be fixed at one 
boundary node, which contributes the presence of "one" in Eq. (12). 
To construct a discrete divergence free basis for triangulation i Fig. 1, three simple triangula- 
tions are studied. 
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nodes for velocity nodes for pressure 
(a) (b) 
Fig. 3. Triangulation with one triangle. 
1 o 
a) 
nodes for veloclty 
3" 
nodes for pressure 
Fig. 4. Triangulation with two triangles. 
Case 1. One triangle. In this case, the triangulation i  Fig. 3 contains only one triangle. Since the 
velocity is zero at the boundary, the velocity will be calculated at the center node shown in Fig. 3(a). 
Pressure will be calculated at three mid-edge nodes shown in Fig. 3(b). For this triangulation, 
dim(S h) = 2 and dim(A h) = 3. Then dim(D h) = dim (S h) - dim(A h) + 1 = 2 - 3 + 1 = 0, i.e. 
oh= {o}. 
Case 2. Two triangles. There are two triangles in the triangulation shown in Fig. 4. Velocity will 
be calculated at nodes 1, 2 and 3 in Fig. 4(a) and pressure will be calculated at nodes 1, 2, 3, 4 and 
5 in Fig. 4(b). Let ~bl, i = 1, 2, 3, be the scalar basis functions associated with node i in Fig. 4(a). Then 
Sh = span{~Dl,~2,~a, tD4,~5,~6}, where ~1 = (~o'), ~D2 = (~,) , . . . ,  ~D5 = (~o3), ~D6 = (~3). Similarly, 
associated with each node i in Fig. 4(b), there is a basis function ;t.i and Ah= 
span{21,22,23,24,25}, dim(D h) = dim(S h) - dim(2 h) + 1 = 6 - 5 + 1 = 2. Two discrete diver- 
gence free basis functions can be obtained by solving a 4 x 6 linear system 
BS = 0, (13) 
where B=(bu)=((div~Dh21)), i=1 , . . . ,4 ,  j= l , . . . ,6 .  If Xl=(al ,a2,aa,a4,as,ar)  and 
X2 = (bl,b2,b3,b4,bs,b6) are two linearly independent solutions of (13), then based on 1-13, 
Theorem 1] ~1 and ~/'2 defined as 
~T/1 = a1~1 + a2ti])2 "4- a3~3 + a4~4 + as~s + a6~6, 
WE = b1~1 + b2~2 + b3~3 + b4~4 + bs~5 + b6~6, 
form a basis of D h for this triangulation. 
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(@) (b) 
Fig. 5. Simplex. 
Observation 1. A basis function has nonzero support over two adjacent riangles ince a3 and a4 
cannot both be zero, and neither can b3 and b4. 
Suppose a3 = a4 = 0, then q"x = a1~1 + a24~2 + a54~5 + a6~6 and ~Ux is in D h. Let 7 /= 
a l~ + a24~2, it is easy to check that ~ is also in D h. Since ~ is only defined at one triangle, thus 
is in D h associated with the triangulation with only one triangle. This contradicts the fact that 
dim(D h) = 0 for any triangulation with one triangle in it. Consequently, 
(a3 a4)  
det b3 b4 ~ 0. 
The triangulation in Fig. 4 is a basic structure and can be viewed as a macro element which can be 
used to study the discrete divergence free basis for more complicated triangulations. 
Case 3. Triangulations with one interior corner node. The triangulation with one interior node 
shown in Fig. 5 contains n triangles. We call this triangulation a simplex to distinguish it from the 
macro element which denotes the triangulation in Fig. 4. For this triangulation, 
dim(S h) = 2(2n) = 4n and dim(A h) = 2n. By (12), dim(D h) = 4n - 2n + 1 = 2n + 1. A simplex 
with n triangles contains n macro elements. Based on the discussion in Case 2, corresponding to 
each macro element in the triangulation, for example, the shaded area, two functions ~1 and ~2 
can be derived such that they are in D h associated with the macro element. They are also in D h 
associated with the entire simplex in Fig. 5(a). For the pressure basis function 2 defined at the 
macro element, we have (div kui,2 ) = 0, i=  1,2, since 711 and ~u2 are discrete divergence free 
functions defined at the macro element. We have (div ~i,2) = 0, i = 1, 2 for 2 not defined at the 
macro element, since kux, ~.2 and 2 have no common nonzero support. A total of 2n discrete 
divergence free functions can be generated corresponding to n macro elements. Now we will show 
that these 2n discrete divergence free functions ~Ux, ~u2, ..., ~u:, are linearly independent. Suppose 
~u~ and ku2 are two discrete divergence free functions defined in the macro element shaded in 
Fig. 5(b) and ~ and ~2 are basis functions in velocity space S h corresponding to the node 1. ~3, 
~4, ~5, ~6 are velocity basis functions corresponding to the nodes 2 and 3. Then 
~/1 = alqba + a2~2 q- a3~3 + a4~4 + a5~5 + a6~6, 
~'/2 = ba~l + b2tlb2 + b3~3 + b4~4 + bsq~5 + b6~6 
and by Observation 1. 
a2) ~ O. (14) ax det bl b2 
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(a) (b) 
Fig. 6. Part of the simplex. 
Suppose 
0~17"1 + ~27"2 + (~37"3 .qt- . . . .~-  O~2nT'2n = O. (15) 
Each 7"i is a linear combination of basis functions q~'s in S h, thus Eq. (15) can be rewritten as 
f l1~1 "4- fl2(~2 "~ "'" "~ fl4nl~)4n = O. 
7"1 and 7"2 are  only two discrete divergence free functions in (15) with ~1 and (~2 involved, then 
fll = ~ la l  q- 0~2bl and f12 = ~1a2 + 0c2b2, fl l  = f12 . . . . .  fl2n = 0 since q~l, q~2,..., ¢~4, are lin- 
early independent. By (14), we have oq = 0~2 = 0. By the same argument, it can be proved that 
0~ 1 = 0~ 2 . . . . .  0~2n = 0. Therefore 7"1, 7"2, 7"3,-.., 7"2, are linearly independent. Since 
dim(D h) = 2n + 1, to form a basis of D h, one more discrete divergence free function needs to be 
determined. Such a function 7"2,+ 1 can be found by solving a (2n - 1) x 4n matrix such that 7"2,+ 1 
is linearly independent 7"1, 7"2,..,, 7"2,. Here, n is usually a small number less than 10. 
Observation 2. 7"2n + 1 must have the entire simplex as its nonzero support. 
If 7"2,+ 1 has part of the simplex shaded in Fig. 6(a) as its nonzero support, then ~u2.+ 1is in D h 
associated with the triangulation containing only the shaded triangles shown in Fig. 6(b). The 
dimension ofD h for this triangulation is dim(D h) = 2(2n - 3) - (2n - I) + 1 = 2(n - 2). There are 
n -  2 macro elements in the triangulation in Fig. 6(b), and 2(n -  2) discrete divergence free 
functions can be obtained corresponding to them and these 2 (n -  2) functions are linearly 
independent by the above discussion. Therefore they form a basis of D h associated with the 
triangulation in Fig. 6(b). 7"2,+ 1 is in D h for the triangulation in Fig. 6(b) and it is linearly 
dependent of the 7"1, ~/2 . . . .  , ~12n" However ,  7"2n+ 1has been chosen to be linearly independent on 
7"1, 7"2,-.., 7"2,. Thus 7'2,+ 1 must have the entire simplex as its nonzero support. 
Now we are ready to derive a discrete divergence free basis for the triangulation in Fig. 1. Let 
NT = number of the triangles, 
NIE  = number of the interior edges, 
NIC  = number of the interior corner nodes, 
NE = number of all the edges. 
112 X. Ye, G. Anderson~Journal ofComputational nd Applied Mathematics 61 (1995) 105-116 
Since both components ofvelocity will be calculated at the mid-edge node of each interior edge and 
at the center of each triangle, dim(S h) = 2(NIE + NT). Pressure will be calculated at all mid-edge 
nodes and dim(A h) = NE. Thus dim(D h) = dim(S h) - dim(A h) + 1 = 2NIE + 2NT - NE + 1. 
Since each interior edge corresponding to a macro element in Fig. 4 and two discrete divergence 
free functions can be derived corresponding to each macro element, there is a total of NIE such 
macro elements in a triangulation and a total of 2(NIE) discrete divergence free functions can be 
generated. Corresponding to each interior corner node, there is a simplex in Fig. 5 and one discrete 
divergence free function can be derived with the entire simplex as its support such that it is linearly 
independent of the other discrete divergence free functions defined at this simplex. A total of NIC 
such functions can be generated corresponding to NIC simplicies. Therefore, a total of 
2(NIE) + NIC discrete divergence free functions can be constructed. However, dim(D h) = 
2NIE + 2NT - NE + 1. If we can prove that 2NT - NE + 1 = NIC, and these 2(NIE) + NIC 
discrete divergence free functions are linearly independent, then they will form a basis for D h 
associated with the triangulation i Fig. 1. These two questions will be answered by the following 
lemma and theorem. 
Lemma 1. NIC = 2NT -- NE + 1. 
Proof. It can be easily proved by mathematical induction. [] 
Theorem 2. For the triangulation shown in Fig. 1, 2( NIE) + NIC discrete divergence free functions 
can be constructed in the following way: 
(1) Two discrete divergence free functions can be generated corresponding to each macro element 
shown in Fig. 4. There are NIE such macro elements in the triangulation shown in Fig. 1. A total 
2(NIE) discrete divergence free functions can be derived. 
(2) One discrete divergence free function can be generated corresponding to each simplex shown in 
Fig. 5. The number of the simplicies in the triangulation isequal to the number of interior corner nodes. 
A total NIC discrete divergence free functions can be derived. 
They are linearly independent and form a basis for the discrete divergence free subspace D h. 
Proof. We will prove that these 2(NIE)+ NIC discrete divergence free functions are linearly 
independent by mathematical induction with respect o the number of triangles in the triangula- 
tion. 
As k = 2, there are two triangles in the triangulation. Two discrete divergence free functions can 
be calculated such that they are linearly independent. 
Now assume that discrete divergence free functions ~ul, q'2 .... , ~vt constructed by this theorem 
are linearly independent and form a basis of D h associated with the triangulation with n triangles. 
We then prove that the discrete divergence free functions constructed in this theorem are linearly 
independent and form a basis of D h associated with the new triangulation with n + 1 triangles by 
adding one more triangle to the original triangulation. There are two possible situations. 
One is adding one triangle to the triangulation by adding two edges as shown in Fig. 7(a). In this 
case, no new interior corner nodes are added to the new triangulation. The dimension of the 
pressure space increases by two due to two new edges. The dimension of the velocity space 
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(a) (b) 
Fig. 7. New triangulation after adding one triangle by adding two edges, 
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(a) ~, (b) 
Fig. 8. New triangulation after adding one triangle by adding one edge. 
increases by four due to two new nodes marked in Fig. 7(a). Thus two discrete divergence free 
functions need to be constructed based on (12). Two discrete divergence free functions ~,+1 and 
~t + 2 can be derived corresponding to the new macro element as shaded in Fig. 7(b). Now we prove 
that ~1, ~[/2 . . . .  , ~[/t, ~lT;t+l, ~'/t+2 are linearly independent. Suppose 
O~l~J1 -F 0~2~J2 "F "'" -F- ~t+l~Jt+l  Jr O~t+2~rJt+ 2 ~-~ O. 
Since ~t + ~ and Vt + 2 are the only two functions involved with two velocity basis functions defined 
at node a in Fig. 7(b), then 0tt+l = 0ct+2 = 0 because of (14). By the assumption that ~1, ~2, ..., ~, 
are linearly independent, we have ~1 = 0~2 . . . . .  0~t = 0. Consequently, ~1, ~2, ..., ~t+2 are 
linearly independent and form a basis of D h for the triangulation with n + 1 triangles. 
One triangle can be added to a triangulation by adding one edge as shown in Fig. 8(a). In this 
case, one new interior corner node is added to the new triangulation. For the new triangulation, the 
dimension of the pressure space increases by one due to adding one new edge. The dimension of the 
velocity space increases by six due to three new nodes in Fig. 8(a). Thus five more discrete 
divergence free functions need to be constructed based on (12). Four discrete divergence free 
functions ~, + 1, ~, + 2, ~,+ 3, ~Pt + 4. can be obtained corresponding to the two new macro elements 
shaded in Fig. 8(a). Since a new interior corner node is added to the new triangulation, a new 
simplex shaded in Fig. 8(b) is added to a new triangulation. A discrete divergence free function can 
be derived described in Case 3, which is defined at entire new simplex. Based on the discussion on 
the Case 3, ~t + s is chosen such that all the discrete divergence free functions defined at the simplex 
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Fig. 9. Part of the new simplex. 
shaded in Fig. 8(b) are linearly independent. Now we prove that ~u, 7'2, ..., ~t÷5 are linearly 
independent. Consider 
al  t/'/1 -~- a2~J2 -~- "'" "-~ at+l~Jt+l + at+2~f/t+2 -~- at+3~/t+3 -~ at+4~Jt+4 -~- ~l*t+51[Jt+5 = O. 
t//t + 1, ~/t + 2, t/At + 3, ~/t + 4, ~/t + 5 are  the  only funct ions  wh ich  invo lve  the  six velocity basis  funct ions  
corresponding to three newly added nodes. Let 7~=at+l~ut+l--[-at+2~lt+2-[-at+3t[Jt+3--[ - 
at+47Jt+4 + at+s~ut+5. If at+l, ..., at+5 are not all zero and such that the coefficients of the six 
velocity basis function are zero, then 7 j is a discrete divergence free function defined at the region 
shaded in Fig. 9. Thus, by Observation 2, 7' can be expressed as the linear combination of the 
remaining discrete divergence free functions defined at the simplex area shaded in Fig. 8(b). This 
contradicts the fact that all the discrete divergence free functions defined at this simplex are linearly 
independent. Therefore at + 1 = at + 2 = at + 3 = at +4 = at + 5 = 0. By assumption that I / - /1,  ~/2 ,  " "  , ~ / t  
are linearly independent, we have a~ = ~2 . . . . .  at = 0. Consequently, ~1, ~2, ..., ~t+5 are 
linearly independent and form a basis of D h for the triangulation with n + 1 triangles. 
By mathematical induction, we have proved the theorem. [] 
4. The discrete divergence free basis with minimal support 
When we discretize a physical problem such as (1)-(3) using a numerical method, ultimately we 
are faced with the problem of solving a linear system. The bandedness and sparseness of the 
resultant linear system are main concerns of algorithm design. For the finite element method, this 
requirement is equivalent to asking that the basis functions in the finite element space have small 
nonzero support. In fact, we can prove that the basis functions constructed in Theorem 2 are 
optimal in the sense of minimal support of the basis functions. 
Theorem 3. The discrete divergence free basis constructed in Theorem 2 is the basis with minimal 
support. 
Proof. We prove the theorem by excluding all the other possibilities. 
By the discussion in Case 1, no discrete divergence free functions have only one triangle as its 
nonzero support. Thus the smallest possible nonzero support is two triangles. For a triangulation, 
most of the discrete divergence free bases constructed in Theorem 2 have two triangles as their 
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nonzero support. However, all the discrete divergence free functions with two triangle support are 
not enough to form a basis of D h for the triangulation contained at one simplex. By Observation 
2 any discrete divergence functions with support less than the entire simplex are linearly dependent 
of the discrete divergence free functions with two triangles as support. Therefore, the discrete 
divergence free functions independent of the discrete divergence free functions with two element 
supports have their nonzero support at least as large as the entire simplex. We proved that the 
discrete divergence free basis constructed in Theorem 2 is the optimal in sense of minimum nonzero 
support. [] 
5. Conclusions 
The divergence free finite element method (DFFEM) for the numerical solution of the incom- 
pressible Navier-Stokes equations requires that the velocity be approximated not in the standard 
finite element space but in the discrete divergence free finite element subspace. There are two 
inherent advantages to this method. One is that the number of variables is reduced and the other is 
that the discrete divergence free condition is satisfied a priori, not just approximated as with many 
other methods. However, the main difficulty to implementing the DFFEM is the lack of an explicit 
basis for the discrete divergence free subspace. 
In this paper, a divergence free basis is constructed for a new low-order nonconforming element. 
The basis functions have minimal support. 
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